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Motivations

Give an accurate description of the dynamical properties of mesoscopic systems (A = 1 to 
A ~ 300 particles)

Problem: 

Difficult to treat exactly (Schrödinger Equation): explosive Hilbert space size ( ~ A!) + 
strong correlations.

Elementary to ways of taking quantum 

correlations into account ?

Electronic systems 
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Systems on lattices

Nuclear systems 
(nucleus, neutron 
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Motivations

Give an accurate description of the dynamical properties of mesoscopic systems (A = 1 to 
A ~ 300 particles)

Problem: 

Difficult to treat exactly (Schrödinger Equation): explosive Hilbert space size ( ~ A!) + 
strong correlations.

Idea: replace a realistic complex quantum problem with several simpler ones through 
Phase-Space methods



Phase-Space approach

Broad spectrum of possibilities: corrected 
classical mechanics to a fully quantum 
framework

Efficients with low computational cost

Idea: trajectory-based formulation

Goal: Average of trajectories in 
Phase-Space reproduces Quantum 
Mechanics

Motivation: Understand quantum 
tunneling from “classical” trajectories
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Classical trajectories with a jumping probability

Sampling of initial conditions mimicking quantum 
statistics (Gaussian state) [1]:

Propagation using Classical Mechanics

Quantum element: jumping probability             [2]

First try: WKB formula

[1] A. Polkovnikov, Ann. Phys. (N. Y). 325, 1790 (2010).

[2] N. Makri and W. H. Miller, J. Chem. Phys. 91, 4026 (1989).
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Particles of high 

energy escape
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Classical trajectories with a jumping probability

Construction of                by inference using Lagrange polynomials

It works, but possibly 
unphysical...

Need for a more 
proper way of defining 
trajectories along with 
quantum effects
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Classical trajectories with a jumping probability

Construction of                by inference using Lagrange polynomials

It works, but possibly 
unphysical...

Empirical method

Several other ways to 
explore:
1) Phase-Space 

formulations

2) Bohmian 
Mechanics

BLACK: Quantum RED: Classical GREEN: Classical + WKB
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Bohmian mechanics
Trajectories are not independent from one another !

Advantageous scaling (N trajectories), but possible 
numerical instabilities...

[3] Á. S. Sanz and S. Miret-Artés, A Trajectory Description of Quantum Processes. I. 
Fundamentals (2012).

[4] Á. S. Sanz and S. Miret-Artés, A Trajectory Description of Quantum Processes. II. 
Applications: A Bohmian Perspective (2014).

Example ? Free Gaussian wave-packet:

High density of probability: repulsive 
force
            spreading of wave packet
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Bohmian mechanics: free wave-packet 

[3] Á. S. Sanz and S. Miret-Artés, A Trajectory Description of Quantum Processes. I. 
Fundamentals (2012).
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Free Gaussian wave-packet:

Several stages:
1) Quasi-newtonian very short times

2) Acceleration because of spreading

3) Linear propagationS phase at long 
times

Sudden and dominant behavior of Bohm 
over the potential
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Free Gaussian wave-packet:

Several stages:
1) Quasi-newtonian very short times

2) Acceleration because of spreading

3) Linear propagation phase at long 
times

Sudden and dominant behavior of Bohm 
over the potential



Bohmian mechanics: quantum tunneling
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state

2) New maximum of potential 

3) Quasi-stationary state: the only 
particles left move very slowly

Bohm: lowers the potential barrier to 
allow the particles escape
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Conclusion
Sample of what have been investigated: trajectory-based formulations of QM (Bohm)

Other ways to construct trajectories: 

1) Phase-Space methods (Wigner, Husimi…), working on it
2) Working directly in a quantum framework: trajectories in a Hilbert Space, e.g. Stochastic Mean-Field [5], 

Hybrid Phase-Space (HPS) method ( T. Czuba, D. Lacroix, D. Regnier, I. Ulgen, and B. Yilmaz, Eur. Phys. J. 
A 56, 1 (2019))

3) Collisional integrals and thermalization of excited Fermi systems

Outline of the future:

1) Continue to explore trajectory-based formulations in Phase-Space and in Hilbert space (e.g. coherent states, 
generating coordinate method)

2) Simplifications of HPS for realistic applications 
3) Implementation of collisional integrals in realistic applications (e.g. spallation)
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THANKS FOR LISTENING



Usual approach: 
mean-field theories

1) Effective Hamiltonian
2) Self-consistent equations of 

motion

Time-Dependent Hartree-Fock theory 
(1-body DOFs):

Beyond Mean-Field theories ?



Trajectory-based 
approach: Stochastic 

mean-field (SMF)
Phase-space: 

1) sampling of initial conditions 

mimicking quantum correlations

2) Mean-Field-like propagation

3) Average over trajectories

- Low energy dissipation
- Spontaneous symmetry breaking
- Applications to fission
- …  



Introducing trajectories in a fully QM framework


